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Abstract

In this paper we study polynomials that are orthogonal with respect to a weight
function which is zero on a set of positive measure. These were initially
introduced by Akhiezer as a generalization of the Chebyshev polynomials where
the interval of orthogonality is [—1, «] U [B, 1]. Here, this concept is extended
and the interval is the union of g+ 1 disjoint intervals, [—1, o] U;’f;{ [Bj, ajrr1U
[Bg, 1], denoted by E.

Starting from a suitably chosen weight function p, and the three-term
recurrence relation satisfied by the polynomials, a hyperelliptic Riemann
surface is defined, from which we construct representations for both the
polynomials of the first (P,) and second kind (Q,,), respectively, in terms of the
Riemann theta function of the surface. Explicit expressions for the recurrence
coefficients a, and b,, are found in terms of theta functions. The second-order
ordinary differential equation, where P, and Q,/w (where w is the Stieltjes
transform of the weight) are linearly independent solutions, is found.

The simpler case, where g = 1, is extensively dealt with and the reduction
to the Chebyshev polynomials in the limiting situation, « — B, where the two
intervals merge into one, is demonstrated. We also show that p(x)k,(x, x)/n
for x € E, where k, (x, x) is the reproducing kernel at coincidence, tends to the
equilibrium density of the set E, as n — oo.

PACS numbers: 02.30.Gp, —2.10.De, 02.30.Mv

1. Preliminaries

A study is made of the generalized Chebyshev polynomials, originally introduced by Akhiezer
as a two disjoint interval generalization of the classical Chebyshev polynomials [4]. We extend
Akhiezer’s original investigation to the case of g + 1 intervals, where g > 0 is an integer (g will
turn out to be the genus of a hyperelliptic Riemann surface).
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This paper is organized as follows. In this section we collect some classical facts regarding
orthogonal polynomials for the convenience of the readers. Those who are familiar with the
subject may skip directly to section 2 where the weight function is defined. In section 3 the
Riemann surface of a particular hyperelliptic curve is defined. Various facts concerning the
surface, including functions and differentials on the surface, are introduced. A theorem about
the zeros of certain functions defined on the surface, &, and &, (which will be of importance
in the construction of the polynomials), is also presented. In section 4, after a description
of the canonical dissection of the hyperelliptic Riemann surface, the Riemann theta function,
with which we obtain explicit expressions for the fundamental objects, &, and &,, is defined.
With the aid of these, we obtain, in section 5, the polynomials of the first and second kind
and the associated recurrence coefficients. In section 6, using the Riemann—Roch theorem,
we determine differential relations for P,(x) and Q,(x) and from these construct a second-
order ordinary differential equations with P, and Q,/w (w being the Stieltjes transform of
the weight p) as linearly independent solutions. Using the results of this section, we give in
section 7 an integral representation for the polynomials and consequently deduce the qualitative
behaviour of their zeros. The elliptic case (g = 1) is studied in detail in section 8. In section 9,
we give a description of the determination of the g zeros of the functions &, (x) and E,(x). The
paper concludes with section 10, where we study the large n behaviour of P,(x) and exhibit
the relationship between &, (x, x) and the equilibrium density of the set E in a certain ‘scaling’
limit.

As the problem of similar weights has already been posed by Akhiezer, we should like
to point out here the difference between our methods and those of Tomchuk [25]. In the
paper just mentioned, a more general weight was considered. However, in order to facilitate
the construction of the polynomials orthogonal with respect to these weights, an intermediate
step was required for the function (3.4), first introduced in [2,3]. This function was expressed,
in [25], in terms of quotients of Abelian integrals of the third kind. However, such a construction
entails the determination of certain points of the Riemann surface, which was not explicitly
found. Indeed, the Jacobi inversion problem which involve these points was not stated. In our
formulation (3.4) is expressed in terms of (4.19) together with (5.12), without any unknown
parameters. Such a formula made its first appearance in [13], in the context of inverse scattering
theory. Note that (4.19), a combination of the Riemann theta functions and a particular Abelian
integral of the third kind, appears to be the only way in which an explicit formula can be
found without any free parameters. In the recent literature, problems of such a type were also
studied [18]; however, more in the vein of [25], namely, with emphasis placed on approximation
theory, rather then the explicit constructions of polynomials and the associated recurrence
coefficients in terms of theta functions and Abelian integrals. In fact, the author of the first
paper cited in [18], stated on p 463, that ‘In this paper we do not use elliptic, respectively,

Abelian, functions ...’ Our methods clearly differ from those of [18].
Consider the three-term recurrence relations
xun = un+1 + bn+lun + anunfl (11)
where @, > 0,n = 1,2,...,and b, € R,n = 0,1,2,.... The two linearly independent
polynomial solutions of (1.1) subjected to the initial conditions, ¢/_; = 0,Uy = 1 and
Uy = 0, U, =1 are, respectively,
Po(x) =x"+pix" 4., n>1 (1.2)
0,(x) =x"gx" 2+, n>2. (1.3)
Note that p; and g;, j = 1,2, ... are n dependent. According to a characterization theorem

usually attributed to Favard [8], but published in the earlier works of Perron [19], Wintner [29]
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and Stone [22]: if a, is strictly positive and b,, real, then P, satisfies the orthogonality relation
with respect to a measure do (x):

[ 20 P90 dx = b, (14)
E
where p could possibly have mass points. It can be shown that
Pn ()C) - Pn (t)
0,(x)= | ——p(r)dr. (1.5)
E X —1t

By (1.2), taking py = 1, we find
n—1—j

n
0u() = "p; > xppiij=x""" 4y + p)x"?
im0 k=0

+ (U2 + privy + p)x" P+ n >3, (1.6)
where

) ::/.t-fp(t)dt, j=0,1,2,... (1.7)
E

are the moments of the weight p(¢), with uo = 1. Sog; = Zi:o Wj—k Pk-

Regarding the zeros of the polynomials P,(x) and Q,(x), if we assume that the weight
function p(x), differs only from zero on a union of intervals with ming x = @ and b, then the
following qualitative facts are well known.

Theorem 1.1. The zeros of P, (x) are real, simple and contained in the interval (a, b).

From (1.1) the Christoffel-Darboux identity

b1y 1= 30 DB _ L Pt @R — Fen OB,
J n

(1.8)
j=0

can be deduced [23, p 42]. From this result one can deduce the following;

Theorem 1.2. Between any two zeros of P,.1(x) lies a zero of P,(x).

Using the recurrence relation together with the respective initial conditions for P,(x) and
0,(x), we have

Pn(-x)Qn+l(x)_ Pn+l(x)Qn(x)=l_[aj = h,. (19)
j=1

From this result we have

Theorem 1.3. Between consecutive zeros of P,(x) there is a zero of Q,(x) and thus the zeros
of Q. (x) are real, simple and contained in (a, b).

In the following development, the Stieltjes transform of the weight, p, denoted by w, is of
some interest:

w(x) :=/ P 4, iy x¢E. (1.10)
EX—t = x7*
As x — 00, we find
P, (1)
P,(x)w(x) — Qn(x) = /
E

X —1

pydr =Y W/ Py(1)t! p(r) dt
=0 JE

I i
- _/ PO pydi 4+ = 4 O(x ), (111)
E xn

xn+1

where the penultimate step above follows from the orthogonality of { P,}.
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2. Akhiezer’s weight function

Throughout this paper we shall denote by E the interval [—1, o] Ui;} [Bj,ajs11U[Bg, 1] and
refer to the complement of E on the interval [—1, 1] as E. Unless otherwise stated we assume
that -1 <a; <B; <1, j=1,...,¢.

Consider the following function defined on the slit complex plane C\ E:

5= L | oG-
PR @ DL G- 8

where the square root is taken in such a way that p(z) ~ ﬂlz, as Rez — oo. As z tends
towards a point on E we obtain two purely imaginary values, each of the same modulus but
of opposite sign, depending upon whether the approach is from above or below the cut. This
continuation is used to define a weight function p on E. We adopt the convention that, for
x € E, p(x) = £ip(x £10), thus ensuring the weight is positive in E£. Hence

l Hi:l(x %) forx e E
px) =13 7 (1—x2) [Toix = 8) (2.1

0 otherwise.

This weight function is a generalization of that given in [4, p 158] and is in the form of those
considered in [2] and [3].

The Stieltjes transform, w, can be computed easily by contour integration. We apply the
Cauchy integral formula to p in the multiply connected domain bounded by a circle of infinite
radius and the contour A := Ufl‘lA j» [17], as shown in figure 1. Note that A is sufficiently
close to the intervals that make up E, so as to ensure that the point x lies within the multiply
connected domain. Then continuously deforming A onto the intervals that make up E, we
find

w(x) :=f &dt, x ¢ E
Ex—t

2.2)

1/ P = =)
ax—t |2 =DI =8

2
where once again we take the branch of the square root that ensures that w(x) is positive for
x > 1. Expanding w(x) for large |x|,

1 1 &
w(x):)—c+ﬁ;(ﬂ,-—aj>+---,

from which the first two moments are found to be o = 1, u; = % Zle (Bj — a;). Observe
that, since

P, ()w(x) + Q,(x) = O(x""") 2.3)
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Figure 2. The double sheet structure of R for g = 2.

it follows from (1.13) that
Prx)w?(x) — Q2(x) = O(x )

and consequently

8
Pl ] =) — > = D5
]

8
[ ] =87 =nex®+- +mx + 1m0 =: S,(x).
J j=1

J
(2.4)

where {n; : j =0, ..., g} are determined by the coefficients of P, and Q,.

3. The Riemann surface

The compact Riemann surface R, used throughout this paper is given by the hyperelliptic curve
y, where

g
V=@ = D] —ape— 8. (€R)
j=1
where g is the genus of the surface. A compact Riemann surface is said to be of genus g if it
is conformally equivalent to a sphere with 2g holes connected in pairs by g handles.

The double sheet structure of R, for the case where g = 2, is illustrated in figure 2. We
refer to the sheet where y is positive (negative) as x — oo as the +sheet(—sheet). The point
at infinity on these respective sheets is written oo, (co_). For any x € C there are two points
on R, one on each sheet. If we denote a point on R corresponding to some x € C as p, then
the equivalent point on the other sheet is written p’.. If x is a branch point of the hyperelliptic
curve then p’, = p,. The local parameter around the point pj, where b is a branch point, is
given by & = 4/x — b, while around other points on the surface § = x — b.

Divisors. A divisor ® on the Riemann surface fR is the formal sum of a finite number of its
points with integral coefficients:

©=anpj, pjei)%. 3.2)
J

The degree of a divisor, denoted by deg @, is given by the number ) | ;j1j- Thesetof all divisors
on the Riemann surface R forms an Abelian group Div(R) with respect to the naturally defined
operation of addition. We say a divisor D is positive and write ® > 0 if n; > 0 for all j.
This idea can be extended to enable a partial ordering of divisors, taking ©® > ®’ to mean
D-9 >=0.

The divisor of a given function f on R, written ( f), is defined to be the sum (3.2) where
p; is a zero or a pole and n; the respective multiplicity, as determined by expansions in terms
of the local parameter about the relevant point. It is assumed that n; > 0if p; is a zero and
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n; < 0if p; is a pole. The divisor of an Abelian differential, (dw), is defined in a similar
fashion. Note the following results that hold for any function f and any Abelian differential
dw defined on a Riemann surface of genus g [21, ch 6], [7, ch 2];

deg(f) =0, deg(dw) = 2g — 2. (3.3)

The function f (Abelian differential dw) is said to be divisible by the divisor © if
(f)—® =2 0 ((dw) — D > 0), written as D|f (D|dw). Put another way, if the divisor
D is

i m
@:prj - Z px/'7
j=1

Jj=l+1
then ®|f means that, counting multiplicities, the points {pxl. : j =1,...,1} are among the
zeros of f and the poles of f are at points from amongst {p,; : j =[+1,...,m}.
Following Akhiezer [4, p 160], consider the function
Q0n(x)

En(py) 1= Pu(x) — 34

w(x)’

where w is given by (2.2), but defined on R. So the range of £ is not confined to the values it
takes on the +sheet. In order to determine the divisor composition of &,, note that

1 y ) 8
—— == ] =00, —00_+p+p_1 + =) 35
(w(x)) ( T —a) PiLtpo ;(m, o) (3.5)
Near ooy, we find
1

m = :|:X+O(1),
so by (1.13) as p, — oo,

En(py) =0(™"). (3.6)

Therefore &,(p,) has a zero of order n at co,. As p, — oo_, by the definitions of P,(x) and
Q. (x), we find that for n > 0

En(py) = 2x" +O(x" 1. 3.7

Therefore &, (p.) has a pole of order n at co_. It follows from (3.5) that £, has simple poles at
{pe; : j=1,..., g} and since deg(&,) = 0, &, musthave g zerosat {p,, : j = 1,..., g}. The
determination of these zeros, which can in general lie on either sheet of the Riemann surface
R, will be discussed later. For the time being we note that the points p,,; depend upon n and
the set E. Hence

g
(En(py)) = noo, —noo_+ Y (py, — Pa). (3.8)
j=1
For the ‘conjugate’ function
~ n(x
gn(px) =P, (x) + Q ( )» (3.9
w(x)
it can be shown in a similar way that
g
(n(pr)) = —noo, +noo_ + Y (¥, — Pa,), (3.10)

j=1
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where it is understood that p;/l, lies on the other sheet of R to that of p,,,. Combining this result
with (3.8) it follows that

g
() =Y (Py, +P), = 2pa))- 3.11)
j=1
Since
5 Q2(x) Se(x)
En(p)En(py) = Pl (x) — 2= =1 ——5 , (3.12)
w?(x) j;](x - O‘j)
we see that 8,15,1 has zeros {y; : j =1, ..., g}, that satisfy
nj i .
n—j=(—1)g T Qo i(V1s oy Ve)s j=0,...,g—1, (3.13)
g

where ¢; is the jth elementary symmetric function and the 7; are as defined in (2.4). We now
say that, following qualitative deduction regarding the y;:

Theorem 3.1. The roots of the polynomial S,(x) are real, simple and when ordered so that
VI < V2 < -+ <Y, aresuchthaty; € [a;, B, j=1,...,8.

Proof. The {y; : j =1, ..., g} are the g solutions to the equation

8 8
Se(0) = Pr0) [[(x — ) = Q) (x> = D[ [x = B)) = 0.
j=1 j=1
Consider any one of the intervals [y, Sr], Kk = 1, ..., g, and note that on the interior points
of this interval (x> — 1) [T5_, (x — 8,) and [T%_, (x — ;) have the same sign. It then follows
that S, (ox) and S, (By) are of opposite sign or that one or possibly both are identically equal
to zero. In either case we conclude that the interval contains at least one zero of S, (x). Now,
since S, (x) is a polynomial of degree g and each of the g intervals [a, B] contains at least
one zero, the claim follows. OJ

The following corollaries will be useful later.

Corollary 3.2. Forany j =1,...,8, P,(Bj) =0ifandonly if y; = B; and Q,(a;) = 0 if
and only if y; = a;. It then follows that for fixed n we cannot have P,(B;) =0 = Q,(«;).

Corollary 3.3. Given that for a particular j and fixed n, y; € (a;, B;), it follows from the fact
that the zeros of P, (x) are distinct from those of Q,(x), that y; is neither a zero of P,(x) nor

O (x).

4. The expression of £ and £ in terms of the Riemann theta function

A canonical basis of cycles on R is chosen as shown in figure 3 [7, ch 2]. For a hyperelliptic
Riemann surface of genus g, a basis for the set of holomorphic differentials is given by

{dx x dx xg_ldx}

y oy y
Such differentials that have no pole are called Abelian differentials of the first kind (a differential
with pole but vanishing residue is called an Abelian differential of the second kind and a
differential with non-vanishing residue is an Abelian differential of the third kind). A normal
basis {dwy, ..., dw,} that satisfies the condition

/da)k=8jk Jok=12,...,8g, 4.1
a

j
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Figure 3. The canonical basis of cycles for PR with genus g. The parts of the cycles that lie on the
— sheet are indicated by broken curves.

is chosen. This is achieved by setting

§ B x8 % dx
do;j =Y (A (4.2)
k=1
with the condition that
ngj
Aj = f dx. 4.3)
a y
The B-periods matrix of the basis {dw; : j =1, ..., g} is then defined by the relations
By = / do;. (44)
by

We notice that, for the hyperelliptic surface considered, it is easily shown, by a continuous
deformation of the a-cycles, that A is a real matrix. It then follows that Re Bj; = 0 for
j.k=1,..., g. Fromthe Riemann bilinear relationships [7, p 26] this matrix is also symmetric
and has the property that Im B is positive definite.
The period lattice X is defined by

Y:={N+BM:M,N e Z%}.
If we introduce in C¢ the equivalence relation

Z=7Z &Z-7Z €3,

then the Jacobian variety of the Riemann surface R is the quotient of C¢ with this equivalence
and is written C¢ /. The Abel map with base point p; maps the surface R into it is a Jacobian
variety and is given by

p
wp) :Ropr— | dweCs/x, 4.5)
P1

p p P T
/ dw := (f dwl,...,/ da)g>
P1 P1 P1

Before proceeding we state two key results from the theory of Riemann surfaces.

Theorem 4.1. (Abel’s theorem) [21, ch 7], [7, ch 2]. The set of points {p; : j =1,...,m}
and {q; : j =1, ..., m} are the zeros and poles, respectively, of some meromorphic function
on the Riemann surface R if and only if

where

m P
Z / dw = 0 ( modulo the periods).
=174,
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Theorem 4.2. (Riemann—Roch theorem) [21, ch 6], [7, ch 2]. Let the linear space of functions
meromorphic on the Riemann surface R and divisible by a divisor ® be Fo and the space of
Abelian differentials on the surface *R that are divisible by © be dQ25. Then for any divisor
® on the Riemann surface ‘R of genus g,

dim F_p — dim dQ2p = | — g+ degD.

Riemann’s theta function 9 is defined as follows:

9(s: B) = 0(s) := Y _ exp(in(t, Bt) + 2i(t, 5)), (4.6)
teZs
where (s = (sy, ...,sg)T) is any complex vector and (-, -) denotes the Euclidean scalar

product. The convergence of the theta function is due to the fact that Im B is positive definite.
The theta function has the following properties. For t € Z3,

symmetry 9(—s) = 9(s)
periodicity (s+t) =9(s) “@.7
quasi periodicity ¥ (s + Bt) = e TIEBV+2E) 5 (g

We note the following theorem regarding the zeros of theta functions—this result is crucial
when representing a meromorphic function on the Riemann surface in terms of theta functions.

Theorem 4.3. [21, p 167]. If the function
Y(p) =0 (wp) —s—0),

with C a vector of Riemann constants

1+ Bjj .
C;, = 7~ w;j(p) dog(p), j=1...,8,
1<k <gikoAj ¥ o
does not vanish identically in p, then it has g zeros qi, . . ., g, that satisfy the congruence

8
Z w(q;) = s(modulo the periods).
j=1
It should be noted that the vector of Riemann constants depends on the base point of the Abel
map, which is taken to be p; throughout this paper. Furthermore, for a hyperelliptic Riemann
surface, the expression for C, can be simplified to

8
C=) u,,. 4.8)
j=1

according to [20, theorem 9, p 181]. Using theorem 4.3, together with the fact that, if two
meromorphic functions f and g on R have the same zeros and poles, then f = «g for some
constant xk enables the theta function construction of &, [21, p 177]. Using the shorthand
notation that u* := w(oco+) and u, := w(p,) for all other points p, on the surface R,
from (3.8) we write

P (uy — ut + K) l—[_f?:1 O (uy —uy, + K)

En(py) = b, , 4.9
(ps) ﬂ"(ux—u—+K)H§:10(ux—uaj+K) 4.9)
where K := —C'— Z§:2 ug; and for any given n, §, is a constant that depends upon E only, the
value of which is easily determined by the behaviour of £, at a point on fR. Note the choice of
{pg, : j =2, ..., g}astheother g —1 zeros of the respective theta functions in the construction

above. This choice is not unique, but since the divisor Z§=2 pp, is non-special or general it
is a choice that ensures that none of the composite theta functions are identically zero. For
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further information on general divisors we refer the reader to [21, ch 10] and [7, p 33], where
the former reference presents a complete account on the zeros of Riemann’s theta function and
explains in particular the conditions under which a theta function is identically zero. We point
the reader to theorem 3 on p 169.

Clearly the vectors u,, depend upon the p,, which in turn depends upon n. The n
dependence can be uncovered straightforwardly from Abel’s theorem:

g g
> uy, =) e, —n(ut — u”)(modulo the periods). (4.10)
j=1 j=l1

The determination of {pyj 1 j =1,...,g} from (4.10) is known as the Jacobi inversion

problem [21, ch 8], the solution to which is that the {py/ :j=1,..., g} are the g zeros of the

function & (u, — Cy) where

g
Co=C+ Zu"‘f —n(u" —u).
j=1
Note that there is in fact a stronger congruence relating the {p,, : j = 1,..., g} to known
points on the surface. Writing u, — u, + Bey, where e is a g vector defined by (ex); = i,
k,l =1,..., g, werequire that this transformation leaves the expression for &, (p, ) unchanged.
It then follows from the quasi-periodic property of the theta function given in relationship (4.7)
that
g g
D uy, =Y g, —n(ut —u) (mod Z¢). (4.11)
j=1

j=1

The following expression for &, (p,) is found in a completely analogous manner to that
above: using (3.10) we find

5 _; HM(uy —u” + K) ]_[Zj:l O (uy —ul, + K)

n , 4.12
l?”(ux—u++K)]_[§:lz9(ux—u%+K) “.12)

where we have written u;l_ = w(p;l_). Again using the condition that this expression is
invariant under the transformation w, — wu, + Bey, we uncover a relationship between the
{p;,j :j=1,..., g} and known points on the surface, finding that

u;/j = Uq, +n(u" —u”) (mod Z9). (4.13)
j=1 j=1
Itis also possible to give an alternative representation of the functions &, and €~,1. Consider
the Abelian integral of the third kind:

P P8 4 Y ST kit
Qpy) = / dQ = / —Z’_O L dr. (4.14)
P1 P1 y
This integral is normalized [7, p 29] in such a way that
/dQ:O, k=1,...,g, (4.15)
ay
thus providing g equations for the determination of {k; : j = 0, ..., g — 1}. Note that this

requirement implies that

Br
/ d2 =0, k=1,...,g. (4.16)

k
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We denote by B the vector whose components are
1%:% b/dQ, ji=1...g. 4.17)
Observe that, as p — oo,
Q(py) = £1lnx + O(1). (4.18)
This fact and theorem 4.3 lead to the following representations [7, section 2.7]:
)0 (uy — Yiiu, —0)
O (uy — Y5 ug; — C)
PHu, — ?:1 u), —C)
9wy — 20, g, — C)

where A, and A, depend upon E and n alone and can be determined, as we shall see in the
next section, by knowledge of the local behaviour of &, and &, around certain points on the
Riemann surface. Note that the path joining the points p; and p, is the same in both Q2 (p,)
and u,. If we now add to this contour an arbitrary cycle, by, k = 1, ..., g, the requirement
that both &, and &, be invariant under such an alteration to the path of integration then implies
the following relationships:

8
z :uy/.

1

Sn (px) = Ane_ng(pX

(4.19)

gn (py) = Anenﬂ(px)

’

Uy, — nB (mod Z#)

J

1
R

-
Il

.
Il
_

(4.20)

u/

, u,, +nB (mod Z¢).

M-
ll
N

1

-
Il

~.
Il
—_

Thus observing (4.11), we note the following congruence:
B =u"—u (mod Z?9). 4.221)
Henceforth we denote D := 2 Z‘?zl ug;, consequently referring to (4.8),

A nB — D)

gn(px) = An 9 D

" ("xB‘ })) (4.22)
& — R anQp) Y Uy — 1D —
En(px) = Aye 9. —D)

The advantage of these representations over those of (4.9) and (4.12) is that the functions &,
and &, are given explicitly without needing to solve the Jacobi inversion problem. In this
respect, we note that this is a particularly useful feature when considering the general scenario
where g > 1. In the elliptic case where g = 1 both types of expression are equally applicable.
These explicit expressions for &, and &, are similar to those which first appeared in the theory
of integrable systems. In this context this type of expression was first put forward in [13] and
applied in [13—15] to the construction of finite-gap solutions of the non-linear Schrodinger and
KdV equations.

5. The polynomials P, and Q,, and the coefficients of the recurrence relation they satisfy

In this section the importance of the theta function constructions for &, and 5,1 is realized.
Using these expressions we determine explicit formulae for the polynomials of the first and
second kind that follow from consideration of the Akhiezer weight. In the process we shall
determine expressions for the coefficients of the recurrence relation these polynomials satisfy.
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From (1.13) observe that, as p, — oo,

Enp) = (X)ZW, / Pu(0) p(t) dt,

where w(x) = x™" + O(x ™" 1). Writing t" = Zk:o M (n) P,_i(t), where Ao(n) = 1, and
using the orthogonality relation satisfied by P,, we find

h" —n—1
En(py) = e +0(x™"7), Py — 00, (5.1
It also follows from (1.13) that forn > 1 as p, — oo_, P,(x) = Q”(x) + O(x™") and hence
En(pr) = 2P, (x) +O(x™"), py > 00_(n = 1). (5.2)
We can then similarly deduce that
hy
~ ~+0o(x"h as py —> o0
En(py) = X" 5.3)
2P, (x)+0O(x™") asp, —> oo; (n = 1).

Now we compare the results above with expansions obtained from (4.22). Examining the
behaviour of Q2 (p,) as p, — oo, recall that

Po 8+ 38 kopd
Q(py) =/ Adr, (5.4)
P1 y

where we assume without loss of generality that the path of integration projects onto the interval
[1, x]. Writing s = %, we find that, as p, — ooy,

dQ 1 1 ¢
o :F[ <kg1+§;(a,+ﬁj)>+0(s)]

Thus it follows that

Inx + xo — usl +O(x’2) asp, —> 004
Qp,) = Y (5.5)
—Inx — o+ —+0x™) asp, —> oo_,
X

where

o0, t8+2g1kﬂ 1
p1 t

P (5.6)
ko1 + 3 Z(a +B))-
j=1

Considering the behaviour of the g vector w, in such limits we write u, = u* + du. Hence it
follows that

Px
Su = / dw, 6.7
S eEn
where from (4.2)
8 x8 % dx )
=Z(A_l)jk , j=1,,g
- y

It is then easily shown that

—1y .
(Ax)f‘ +0(x72), Py — 00 (5.8)

(SUJ'ZZF
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Note the following series expansion:

g
Y (u+du) = ¥ (u) +Zl9}(u)6uj +O(Su;duy) 5.9)
j=1
where
/ . 0
Thus expanding (4.22) around the point at co,,

Ane09(u* +nB — D) _

E,(py) = +0O(x !
(py) @ —D) x0T
~ N (5.10)
~ A"y (uwt —nB - D) , 1
gn(px) = 9 (ut — D) x"+0(x ).
Similarly around oco_,
A9 (ut —nB+ D) -
&n (px) = x"+0(x )
¥ (u* + D) 6.1
£ o) Ane 09 (ut +nB + D) 1 4 O .
n\Px) = X X s
P P (ut + D)
where we have observed that u* € R, which follows from the reality of A, and consequently
implies that u* + u~ = 0 modulo Z¢. Comparing the co_ expression for &, and the oo,
expression for &, with the respective results of (5.2) and (5.3), we deduce that forn > 1
A, = 2e—"><oL;D)D
19(1; (;”_ 1;) ) (5.12)
A, = 2e"0

¥ (u* —nB — D)
Using this result, it then follows by equating the first expression of (5.10) and the second
in (5.11) with their respective expansions given in (5.1) and (5.3) that, forn > 1,

9 (u* + D)Y(u* +nB — D)
9 (ut — D) (ut —nB + D)
9 (ut — D) (u* +nB + D)
D (u* + D)9 (ut —nB — D)’

It follows straightforwardly from the recurrence relation of (1.1) and the orthogonality
relationship satisfied by P, that a,h,_1 = h,, so that using the first result of (5.13),

2y, Pt + D)P(ut + B — D)

9 (ut — D)9 (ut — B+ D)
Yt — (n — 1)B + D)9 (u* +nB — D)
¥ (ut+(n — 1)B — D)9 (ut —nB + D)

h, = 2e~20

= Qe 20 (5.13)

2e ifn=1

e 210

since hg = 1.

In order to determine an expression for the other recurrence coefficient b,,, we expand
the expression for £, given in (4.22) about the point at co_, obtaining the first two terms.
Using (5.5) and (5.9) it follows, after some elementary calculations, that

Eu(py) = 2x" +2(K(n) — K(0) — ny)x" ' + O(x"72), Py — 00_, (5.15)
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where
K(n) = Xg:(A*),lﬁ’/'W —nB+D) (5.16)
= P(ut —nB+ D)
Thus by using (5.2) we identify
pi(n) =K@n) —K(@O) —nx. (5.17)
From the relation (1.1) it is easily seen that b,, = p;(n — 1) — p;(n). Consequently
b,=Kn—1)—-K@n)+ x. (5.18)

It is possible to make this expression more explicit; from the orthogonality relationship of (1.4)
it can be shown that

g
b1=-P1(")=%Z j = ).

Thus comparing this with the expression obtained by setting n = 1 in (5.18) we find

g
=5 (B —ap)+K(1) — K(0),
j=1
and consequently that

by = 3 Z(ﬁ, —a;)+ K1) = KO)+ KL —1) = K(n)

j=1

=2 Z/ 1(Bj =)+ )05 (AT I)J‘I:i((«:+ 5:5:_?:::;) if(fjnn:ll)f:;)_?((::;:5:;)]’ (5.19)
It is shown in section 10 that D is glven by (10.33). Using this, the quasi-periodicity of the
theta function and the reality of u* and B, we see that a,, given by (5.14) is strictly positive
and b,, given by (5.19) is real.
Having determined A, and An, from (4.22) we have explicit expressions for &, and gn.
The polynomials are

Py(x) = 3(E(p) + Ea(p))
( ) (5.20)
Qn (x) = (gn (px) 5,, (px))

In terms of the theta functlons, forn > 1,
) P(u* + D)o (u, +nB — D)

P,(x) = e (xo+82(px a
U (ut —nB+ D)V (u, — D)

+ — > —
4+ @G 2 = D)0 (uy —nB — D) (5.21)
9 (u* —nB — D)d (u, — D)

and

9 (u* — D)O(u, —nB — D)
9 (u* —nB — D)9 (u, — D)

On(x) = g (@) |: n(2(px)—x0)
1) [T5ox —
et p) 9 (u* + D)0 (uy +nB — D) ]
9 (u* — nB + D)¥(uy — D)
where in both these expressions p, can, without loss of generality, be taken to lie on the +sheet
of R, with the path of integration from p; to p, the same for both u, and Q(p,).

(5.22)
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Another interesting quantity in the general theory of orthogonal polynomials, called the
moment or Hankel matrix, is denoted as 7, and defined to be

Hy = [kl k=0,1,...n5 (5.23)

where the p; are the moments of a given weight function. According to [23, p 28] the
determinant of this matrix is given by H';zl h ;. Consequently, using (5.13), we find that the
Hankel determinant for the weight considered here is given by

P (ut + D) :|” ?(2n + DHu* — D)

. (529
9 (u* — D) 9 (u* — D)

det H, = 2" exp[—n(n + 1)X0]|:

where we have noticed that (4.21) implies B = 2u* modulo Z&.

6. The second-order differential equation satisfied by P,,(x)

In this section we concern ourselves with the determination of various differential relations
satisfied by the polynomials. In particular, by using the Riemann—-Roch theorem we devise
representations for (d/dx) In &, and (d/dx) In &, in terms of algebraic functions of x. When
compared with equivalent expressions obtained directly from the definitions of &, and &,, we
can ultimately derive a second-order ordinary differential equation satisfied by P, and Q,,/w.

We proceed by investigating the divisor structure of (d/dx) In&, and (d/dx) In&,. It has

already been shown that, as p, — oo, !,

En(py) ~x7"
~ P , (6.1)
Enlpy) ~ x".

In the neighbourhood of co_
& ~ x"
o (hx) y 62)
Enlpy) ~x7".

Locally around py;, j = 1,..., g, it follows from (5.9) that

8
P(u, — D) > Y ¥ (uq, — D)du,
k=1

Px
5llk = f da)k.
p

o

where

Since «; is a branch point of the hyperelliptic curve that defines the surface R, the local
parameter is given by § = ,/x — «;. Using (4.2) we can expand the integrands in terms of &,
finding that du;, = O(£). Hence

?(uy — D) ~ &, Px = Pa;s
and thus in this limit it follows from (4.19) that
En(p) ~ €7

. (6.3)
—1

Enlpx) ~ 5.
! Note that throughout this paper we use the following convention. The relation f(x) >~ g(x) as x — xo, means
that lim,_, , f(x)/g(x) = 1and f(x) ~ g(x) as x — xp means there exist positive constants A and B such that
A < limy_y | f(x)/g(x)| < B.
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Allowing p, =y, j=1,.... 8,

8
¥ (u, +nB — D) ~ Zﬂ,;(uyj +nB — D)u,

k=1
Px
8uk = / da)k .
p

j

where

We assume without loss of generality that y; € («;, B;) (the reader will note that the singular
cases where y; = «; or ; follow quite naturally later by allowing y; to tend towards either
of these points). Hence the local parameter is § = x — y;. Expansion of the integrand then
gives du; = O(£) and consequently

Enlpy) ~ &, Px = Py, 6.4)
Similarly we find that, as p, — p;,j, j=1,...,8&6=x—y;and
Eapx) ~ &. (6.5)

Using the above results, we are now in a position to determine the behaviour of dIn &, /dx
andd In &, /dx in the locality of all the points where they diverge. In the following Py(x) denotes
a regular power series in x with non-zero coefficient of x°. Using (4.19), we summarize the

findings.
Around oo,:
1 1 5
E, = —Po| = )= —In&, =—+0(x™)
* lx (6.6)
E;:n = x”770<—) = —In&, = - +O(x_2)
X
Around oco_:
1 d
E, = x”730<—) = —In&, = - +O(x_2)
X dx
6.7)
~ 1 1 d 2
En=—TPyl - )= —In& =—+0x"9)
x" X d
Around py; (§ = /x —aj):
g =1 = Ling, = -1 voE
n — o — e, = ——3 .
g0 dx 282
~ 1 d 1 | ©38)
E = — —Ing, =——+0(E~
P& = on 27 +OE
Around p, (§ = x — y;):
d 1
En=EPy(E)= —In&, = — +0(1). (6.9)
dx &

Around p;,j E=x—-y:

En =EPo(E) = ilnén _1 +0(1). (6.10)
dx &
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Around pj, = P41, pg, or Pg,(§ = v/x — b):

d = 1

En=Po&) = alné’,, ~ g

En =Po§) = i1n£,1 ~ L

dx &

It is easily verified from (4.19) that locally around all other points on R the functions
(d/dx)In&, and (d/dx) In &, are bounded. It then becomes clear that

6.11)

d 8
(a In En) =00, +00_ — P —pP_| — ;(Zp% +pg, +Py,) +4g zeros =: —0 +4g zeros,

6.12)

and

d . = £ ~
(a ln5n> =004 +00_ — P —p_| — ;(Zpaj +Pp; +p;/_) +4g zeros =: —0 + 4g zeros.

(6.13)

Having determined the divisor structure, we now find representations for (d/dx) In &, (p,)
and (d/dx) In &, (p,) in terms of algebraic functions on the Riemann surface. We denote the
linear space of meromorphic functions on ‘A that are divisible by —0 as F_,. Recall that this is
the space of functions that include at least simple zeros at co, and co_ amongst their zeros and
which only have poles at points from amongst the set {p1, p—_1, o> Pg;s Py, 1 J = 1,..., g}
provided that poles at the p,, are no more than double poles and those at other points from the
set are simple poles.

Theorem 6.1. With the divisor 0 defined by (6.12), the dimension of the linear space F_y is
3g+ 1.

Proof. Suppose that there exists d€2, a differential on R with the property that 0|dS2. This
requires that d$2 has at least simple zeros at the points p_1, p1, {pg;, : j = 1,..., g} and
{py, 1 j=1,..., g} and double zeros at the points {p,, : j = 1,... , g}, and having no more
than simple poles at oo, and co_ as they are only poles. This implies that such a differential
would have the property that deg(d€2) > 4g. However, by virtue of (3.3), deg(d2) = 2g—2,a
contradiction that allows us to conclude that there is no Abelian differential on R that s divisible
by 0. It then follows directly from the Riemann—Roch theorem that dim F_, = 3g + 1. ]

It may be shown in an entirely analogous way that dim F_5 = 3g + 1. We can now
construct a basis for the set of meromorphic functions on ‘R that are divisible by —2. It is
easily verified that the following set is suitable:

1 x x8 1 1 Y+ Y+,
{5’5"”’7’x—a1""’x—ag’y(x—yl)"”’y(x—yg)}’
where, for j =1,..., g,
Vi = Y|px:pyj- (6.14)
Similarly a basis for F_j is given by
1 x x$ 1 1 y—=» Y — Ve
{5’5"”’7’)6—041""’x—ag’y(x—yl)"”’y(x—yg)}'



4668 Y Chen and N Lawrence

It is now possible to represent both (d/dx)In&,(p,) and (d/dx)In én(px) as a linear
combination of the elements of these respective basis sets, writing

d 1 & A Cuj 2 y+y;
— & =-) cixl+Y 4N i —— (6.15)
d y;o ' ;x—% ; Ty =)
and
d . - 1< SN Cors 8 y—y;
— &, =-) &xl+ 4 Gy (6.16)
dx y; ' ;x—%’ ; Ty—yp)
where the sets of coefficients {c; : j = 0,...,3¢g}and {¢; : j = 0,...,3g} remain to be
determined.

Using the results (6.8)—(6.10) to equate leading coefficients from the expansions of the
right-hand sides of (6.15) and (6.16) around py;, p,, and p;j ,Jrespectively, then gives

~ 1 .
Copi = Copi = — 5, =1,...,
e ! § (6.17)
Cog+j = C2g+j = 3, J=1,-~-,g,
while equating leading coefficients for the expansions around oo gives
3 8
Cg + ch+j + ZC2g+j = —n
=1 =1
! / (6.18)

8 8
Cg + E Coyj t+ E Cogt+j = N1,
Jj=1 j=1

and thus —c, = ¢, = n.

In order to determine expressions for the other coefficients in (6.15) and (6.16) further
terms in the expansions of &£, and &, are required. Allowing p, — oco_, since w(x) = O(x~!),
we have by virtue of (1.13) that

En(py) =2P,(x) +O(x™"). (6.19)

Hence we may write

n oo o0
E(py) = 2x" Z pjx_j +x" Z rjx_z”_-f =x" Z ajx_j, (6.20)
j=0 j=0 j=0
where
2p; for0< j<n
aj:=10 forn+1<j<2n—1 (6.21)
Tj—on for j > 2n.

Consequently we find that

Ex)=x"" Z(n — jajx .

=0

We also require the expansion of y as p, — oco_:

o0
y= a1y by, (6.22)
j=0
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where the coefficients, b}, are easily determined. From (6.15), we note that

Ey+E li ! ! Y 5 Xg: i
vy~ - =&, ) cix’.
nY 2 \x—q = !

x—y; yx-—vy)

Expanding around the point at oco_ throughout and multiplying the various series
representations together, we find that

8 8
=Y @i +ix =Y gix T/ + 01,
j=0 j=0

with

k=0
i g j—k
=323 (@ — v )buaj km (6.23)
k=0 I=1 m=0
J
gj = Zakcg—_]+k
k=0

Equating coefficients of x =/, we obtain a sequence of equations from which we can, in principle,

iteratively determine the c;, from j = g t0 0, in terms of {a; : k = 0,..., ¢ — j} and
{bx :k=0,...,g— j}, namely

—d]—szg], ]=O,,g (624)
In particular, note that when g = 1, since ¢c; = —n, by = 1, b; = — (a1 + B1)/2, a9 = 2 and

a; = 2p,, it follows that, for n > 0,

a+pf yi—o
2 2
It follows from (1.13) that, as p, — 004,

Ea(py) = 2P, (x) +O(x™").

co=p1+n (6.25)

In this limit we also have

o8}
— 8+l —J
y=x E bjx™/.
j=0

From (6.16), we find

5/y+5~leg: S S :(‘;:Xg:é-xf
n n 2 X —aj ) ni:O J >

j=1 X =Y y(x -V

so that expanding this expression around the point at oo, and equating coefficients, it becomes

apparent in the light of the preceding calculations that ¢; = —c; for j =0, ..., g. Thus
d s Slexd 1 1 1EN y+y;
g =Y EE oy P N 0 010
dx y = 2 mx—a 2 = y(x —yj)

and
d = ¢ LClepd 1 1 1
—m =" YR oy T D (6.27)
dx y = 2 o x—a 2 = y(x —vy;)
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Introducing the function

8
M(x) = [ [&x — )
j=1

it follows from the respective definitions (3.4) and (3.9) that

e = 2P =00, +yQ)T+ Ty Q,
dx (TP, — yQu)

and
4 - PP+ (/0 4y~ Y0,
dx II{IIP, + y Q)

Equating (6.26) with (6.28) and (6.27) with (6.29) provides
YA P, = (5 Qu+y0)IT =TTy Q,)

. g—1 iy g 1 18
=|:—nx +chx _E;X—O{j EZ::

}H(HPn yOn)

and

YITP, + (Y Qu +yQ, ) — 'y Q,)

g—1 Sy g g
:[nxg—Zijj—EZ —()[J EZ

=0

]H(HPn +yQn)

The addition of (6.30) to (6.31) gives

Pr(x) = fi(x)Py(x) + f2(x) Qn(x)
with

f(x)'—lzg:< L] )
! ._2j=1 x—)/j )C—Otj

and

nxe — Zf.;(l)cjxj 3 Z, | },
) = . :
j=1(x — o)
and a subtraction of (6.30) from (6.31) yields

0, (x) = f3(x) Py(x) + fa(x)Qn(x)

with
1 g Y
oy = M T = E
—1)]—[ l()c
and
X 1 1 1
fox) = =4 ( - )
x2—1 2; x—y, x-—§j
Recalling

. . (x—ozj)
w(x) := 1)1_[ =

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)
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we observe the following relations between the f;(x):
f3(x) = w’(x) fr(x) (6.38)
and

14
% Inw(x) = —%%(ln(xz ~ D+ ;[Inu — Bj) +Inx — Otj)]) = fax) = fi(x). (6.39)

J
Introducing R, := O, /w, (6.35) implies that

)

T wx)

R.(x) Pax) + <f4(x) - “’““)Rn(x).

w(x)

This equation, rewritten using (6.38) and (6.39), together with the recast form of (6.32) then
gives the following coupled system of equations:

P,(x) = fi(0) P(x) + () w(x) Ry (x)

R, (x) = fL(xX)w(x)P,(x) + fi(x)R,(x).

The differential equations satisfied by P,(x) and R, (x) are simply obtained by elimination of
the other function from the system, the symmetry of which indicates that these equations must
be identical. Hence we find that P,(x) and R, (x) are the linearly independent solutions to

Y (x) — <2f1 + % + £>Y/(x) + (fl2 —fl+ fi <§ + %) — 22w2>Y(x) =0 (641

2w biS

(6.40)

7. Alternative representations for P, (x) and Q,(x)

The coupled system of differential equations given in (6.40) enables the determination of
alternative representations for both P, (x) and Q, (x) for real values of x. As we shall see these
new identities have the advantageous property, when compared to the previous expressions of
section 5, that the oscillatory structure is explicitly apparent. It is this feature that allows us to
make further inferences regarding the location of the zeros of both polynomials.

By setting 1%,[ (x) := —iR,(x) and w(x) = iw(x) we rewrite (6.40) in a more convenient
way, obtaining

Pr(x) = fi(x) Py (x) + fo(x) i (x) Ry (x)

- . - (7.1)
R (x) = = fa(X)W(x) Py (x) + f1(x) Ry (x).
Using the Priifer substitution [26], where
{Jn(x) = pn(x) cos 6, (x) a2
R, (x) = p,(x) sin 6, (x),
the equations of (7.1) are decoupled, giving
(In p,(x))" = fi(x)
(7.3)

0,(x) = = Hr(x)w(x).
Integrating the first equation along a smooth non-self-intersecting contour that lies entirely

in the upper half of the complex plane, between 1 and an arbitrary point z that satisfies the
condition Im z > 0, we obtain

£ -y —a))
0 (2) = pp(1 —_—. 7.4
pu(@) = pu(D) Jl.:[l(z—ozj)(l—yj) (7.4)
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The second equation then gives

i 0ct/—ntg+ Y 2)
Gn(z)—9n(1)=/ s
1

where once again z is taken to be an arbitrary complex point with the property that Imz > 0
and the path of integration is a contour as above. For the purpose of our investigation we also
assume, without loss of generality, that the positive branch of y is selected (i.e. integration on
the Riemann surface of y is along a contour between 1 and p, that lies entirely in the upper
half of the +sheet).

From (7.2), observe that

dr, (7.5)

0% (x)

pr(x) = Pl(x) + R} (x) = P,(x)* — =2
w*(x)

(7.6)

and

a0, (x) = R,(x)  Qu(x) a7
TP T b)) P(x) '

It then follows that
on (1) = 2P, (1)
tan6,(1) =0,

(7.8)

which then implies the following representations for P,(z) and Q,(z) valid for Im z > 0:

E -y —aj)
P,(z) = P,(1 _ - v,
(2) () ]1:[1 C—and=7) cos W, (2)

(7.9)
. P,(1) ﬁ (z—y)d —aj)
\/Z — 1| jo @=BNU =v))

where the function W, (z) is given by

2 z cit!) —nt8 + 138 U
\Ifn(z)=/ 9,2(t)dt=i/ (- 0 - 5 2 V’)dr, (7.10)
1 1

the path of integration being as previously described. Notice that the sign of p, (1) is selected
so that P,(z) — P,(1) as z — 1. Expressions for the polynomials for real values are then
obtained by the analytical continuation of those above, allowing z — x € R. The reader
should note that it can be verified that these expressions fulfil the necessary criterion of being
analytic at the end points of the intervals that make up E. It should also be noted that, although
the formulae of (7.9) have the benefit of exposing the oscillatory behaviour of the polynomials,
they should not be seen as a replacement to the representations given in (5.21) and (5.22). This
is because, in order to make the expressions of (7.9) completely explicit as those results of
section 5 are, we require knowledge about the y;, j = 1,..., g, and this necessitates the
solution of the Jacobi inversion problem of (4.10).

We proceed by investigating the behaviour of the function W, (x) on the intervals that
make up E. From (7.7) it follows that, for j = 1, ..., g,

0,(2) =

sin ¥, (z),

an oy < [FX HRB=0 o
T o otherwise '
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j Y].—S y/ \§.+£ X B} i

Figure 4. The contour I'; used in determining W, (x) when x € (y;, ;).

and

0 if Qu(aj) =0

. (7.12)
+o00 otherwise.

tan 6, (ca;) = {

In the light of corollary 3.2, for a fixed n we can identify three distinct eventualities that must
be dealt with separately. Namely, these are the general case where y; € («;, 8;) and the
two singular cases where either Q,(a;) = 0, so that y; = «;, or P,(8;) = 0, implying
that y; = B;. We deal with the general case first, discussing the behaviour of W, (x) on an
arbitrary interval («;, B;) for a fixed n such that y; € («;, 8;). In such instances the path of
integration in the expression for W, (x) can be continuously deformed so that it consists of two
sections, one joining the points 1 and «; and a second from ¢ to the point x € («;, ;). Since
tan 6, (o;) = %00, we can certainly write

X
U, (x) = (lo, — )7 +/ 6, (t)dt, (7.13)
where [, is an integer that depends upon n and the set £, while the path of integration joining
a; and x is smooth and non-self-intersecting, lying in the upper half of the complex plane so
that, if x > y;, it passes above y;. When x € («;, ;) this contour may be deformed so that it
lies along the real axis. However, when x € (y;, 8;) we deform the path onto the contour I';,
illustrated in figure 4. By allowing & — 0 in this contour, only the pole at y; in the integrand
of W, (x) contributes to the integral over the semi-circular arc of I';. Consequently we find the
following result for ¥, (x):

X
(o, — D7 +/ 0, (1) dt for x € (&), ;)
W, (x) = o N (7.14)
(Lo, —%)n:I:E+P/ 0! (t)dt for x € (v}, B;),
o

where in the second case the P indicates that the integral is considered in the principal value
sense and the plus sign is selected if p,, lies on the +sheet of 2R, the minus sign if it lies on the
—sheet. The reader should note that this last result may be used to verify that the expressions
for the polynomials are analytic at y;.

We now consider the behaviour of W), (x) on the general interval (o, 8;), for n such that
y; = a;. Since it follows from corollary 3.2 that P,(8;) # 0, by (7.11) tan6,(8;) = 0.
Hence, by deforming the integration contour of W, (x), so that it consists of an arc in the upper
half of the complex plane from 1 and §;, and a section along the real axis from B; to the point
X, We may write

W, (x) = g7 +/x 0/ (1)dr, x € (), B)) (7.15)

J

where [, € Z depends upon n and the set E.
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Finally, if y; = B; for a particular n, it follows from corollary 3.2 that Q,(a;) # 0.
From (7.12), we then find that tan6,(a;) = £o00o. Thus deforming the integration path of
W, (x), so that it has a section lying on the real axis between «; and x € (a;, B;), gives

B == e [ G0 xe ), 7.16)
where [,, € Z. Note that, since /,, depends upon n, in general we would expect it to take a
different value here to that in (7.13). B

Having considered all the possible types of behaviour of W,(x) for x € E, we are in a
position to prove the following theorem regarding the zeros of P,(x) and Q, (x) in this open
set:

Theorem 7.1. The interval (), B;), j = 1, ..., g, contains at most one zero of each of the
polynomials P, (x) and Q,(x). Further to this, if we consider a particular interval (o, B;), in
cases where n is such that y; € (a;, B;), any zero of P,(x) on this interval must lie in (o, y;)
and any zero of Q,(x) is contained in (y;, B;). If nis such that y; = aj or y; = B;, then both
P,(x) and Q, (x) have no zeros on the interval.

Proof. Taking the general interval («;, B;) we notice that, at all points on this interval 6’ has

>¥n

the property that Re{6, } = 0, regardless of n. Considering the general case where y; € («;, ;)
it then follows from (7.14) that

sinh<1m|:/x 0 (1) dt:|> for x € (o), y))
|cos W, (x)| = Y
cosh<Im|:Pf 0/ (1) dt]) forx € (v}, B)),
whilst
cosh<1m|:'/ 9,2(t)dti|) for x € (o), y))
| sin W, (x)| = v
sinh(Im[Pf 9,’,(t)dtD ' forx € (y;, Bj)-

From corollary 3.3, note that P,(y;) # 0 and Q,(y;) # 0, so that if P,(x) has zeros on
(o, B;) they must lie on the interval («;, y;) and any zeros of Q,(x) lying on («;, 8;) must
be contained in (y;, B;). Suppose then that P, (x) has two or more zeros on (;, ;). Since
0, (x) has a zero between any two consecutive zeros of P,(x) by theorem 1.3, it follows that
0, (x) must have a zero on (¢}, ¥;), a contradiction that forces us to conclude that P, (x) has
at most one zero on this interval. Similar arguments show that Q, (x) has at most one zero on
the interval (y;, B;).
If Q,(a;) = O for a particular #, so that y; = «;, then from (7.15) we deduce that

|cos\IJn(x)|=cosh<Im[/ 9,’,(t)dt:|), x € (aj, B)).
Bj
This implies that P,(x) # 0 when x € («;, B;). Since Q,(ct;) = 0, to prevent contradicting
theorem 1.3, we must conclude that Q,(x) has no zeros on («;, 8;) also.

In cases where 7 is such that P, (8;) = 0 and thus y; = g;, it follows from (7.16) that

| sin W,, (x)] =cosh<Im|:/x9,;(t)dti|>, x € (o, B)),

Bj
implying that 9, (x) # 0 for x € («;, B;). Because P,(8;) = 0, theorem 1.3 demands that
P, (x) # 0 on this interval too. O
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8. Explicit consideration of the elliptic problem

The elliptic problem refers to the case where E = [—1, o] U [B, 1] and the Riemann surface
we work on is that which is defined by the curve y?2 = (x2 — )(x — a)(x — B). For an
account of Akhiezer’s work on this problem we refer the reader to [4, ch 10]. The genus 1 case
merits explicit study since it is the simplest possible generalization of the classical one-interval
problem and this transparency permits an easier contrast between the different behaviours than
consideration of the general genus g.

Before progressing we draw attention to an alteration in the notation. For g = 1 the
Riemann theta function of previous sections is a function of a single variable, and throughout
this section we identify ¢ (#) with ¥3(«) in accordance with the notation of Jacobi. It is also
convenient to introduce here three other Jacobian theta functions:

o0
91() =2 (1) sin(2;j + Du
=0

o0
92(u) =2 g cos(2j + u
j=0

00 8.1
P3(u) = 1+2 quz cos2jmu
j=1
Da(u) =142 (=1)/q" cos2jmu,
j=1
where the quantity g := exp[irt], with 7 the single element of the B period matrix. An

excellent review on the properties of these functions can be found in [28, ch 9].

The polynomials. In the genus 1 case various quantities can be given in terms of elliptic
integrals. The following integrals are commonly defined (see, for instance, [12]):

Pe dx 4K

Ajp=A=2 —_— =, 8.2)
o ¥V VU —a)d+B)

where the integration is performed along a path in the +sheet of R that projects onto a section

of the real axis [B, «]. K (k) is a complete elliptic integral of the first kind, with the modulus

k given by
k= M. (8.3)
(I=a)(1+8)

The elements of the B period matrix are given by

B 2 (P«dx K’ 84)
k=T = — — =1—, ‘
ik A o Y K

where the integration is along the upper edge of the branch cut in the +sheet of fR. The function
K’ := K (k') is a complete elliptic integral of the first kind with a modulus k" complementary
to k:

, (1I-80+a)
./ 2 _
kK:'=+v1—-k*= a Y ) (8.5)

As A is real it follows that u™ = u® € R. Also by considering the function x — 1 on R, using
Abel’s theorem we find that u* +4~ = 0 (modulo the periods). Together these facts imply that
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u~ =u~ =1 —u*, where u" is the value of the Abelian integral in the fundamental period
parallelogram:

1 [o+d 1F(¢, k
o= — dr _1F@.0 (8.6)
Aty ¥ 2 K
where the integration is along a path in the +sheet of R, that projects onto the section [1, 0o]

and

B+1

¢ = arcsin 8.7
We also have
I (P«dx <t 1
Uazuazz o 7=§+§ (8.8)
and from (4.10) and (4.12)
T 1 .
U, =u, = §+{§—2nu }
(8.9)

’ ’ T 1 +
uV=u7=§+ §+2nu y

where {x} denotes the fractional part of the real number x.
Using (4.9) and (4.12) these results allow us to write
94 (uy —ut — B5)d5(u, + 2nut — 1)

B (uy +ut — BL)d3(u, — 1)

gn (px) = (Sn

94 (uy +ut — BE)ds(u, — 2nut — 1)

gn x) — gn
) Py —u — B0, — 1)

with 8, and §, constants independent of x that need to be determined. It should be noted
that these expressions &, and &, are equivalent to the genus 1 form of (4.19) and have been
adopted purely because they implicitly contain a theta function expression for the integral
Q(p,). Observing the following relations involving ¢, and 93:

l+7 - im(u—1)
O3\ u — > = —ie 91 (u)

(8.10)
93(u — 1) = ™95 (),
the expressions for &, and &, may be simplified, giving
gt U7 (U — U +2nu”*
Eu(py) = e D1 e — W)V (e + 2nu)
O (uy +ut) D3 (ux)
(8.11)

Ep) =3 S U1 (uy +u)P3(u, — 2nu)
e " ﬁil(ux - u+)ﬁ3(ux)

By demanding that &, (p.) = &, (py), using the symmetry properties of the theta function,
we uncover a relationship between 8, and §,, namely that
8y = 8, explidnmu*]. (8.12)
An expression for §, follows from the fact that forn > 1 as p, — oo_, &,(p,) =~ 2x" and
& = 1, using (5.9) we find
1 forn =0
8, = —91(0 " U3 (u* 1
) — () forn > 1, (8.15)
Ae2m 9 (2ut) | 93((2n — 1ut)
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Figure 5. The genus 1 polynomial P3(x) for @ = 0 and 8 = 0.6.

from which 8, also follows by (8.12).
Combining the results given above allows us to write the following expressions for the
polynomials: forn > 1,

~ 2 (0 " D3 (ut
Pn(x>=%<5n<px)+6n<px)>=[ ‘()] 30r)

A% Qut) | 95(2n — Dut)

" <19f’ (uy +uh)Hs(u, — 2nut) N O (uy — ut)P3(u, + 2nu+)) 8.14)
B (0 — ut)d3(uy) V7 (ue +uh)d3(uy)
and
w(x) «~
On(x) = T(En(px) - gn(px))
[ 91(0) 1" 93 (ut) X —«
L A% QuY ] 93(2n— Duh)V (x2 — Dx — B)
8 <19f’ (uy +uh)s(u, — 2nut) B O (0, — ut)3(u, + 2nu+)) 8.15)
U (uy — ut)d3(uy) U (uy +ut)d3(uy)

In figures 5 and 6, respectively, P3o(x) and Q3o(x) are plotted for the case where ¢ = 0
and B8 = 0.6. Comparing the two plots, observe that between any two zeros of P3y(x) lies a
zero of Q3p(x), as required by theorem 1.3. Further notice that in these cases the zeros are
confined to (—1, @) and (8, 1).

In figure 7, we plot Ps(x) and Qs(x), for « = —0.1 and = 0.3. Both polynomials
have a single zero on the interval E = (—0.1, 0.3). Numerically evaluating y (5), using the
expression for y (n) derived later in this section, we find that y (5) = 0.206 244 (to 6 decimal
places). In accordance with theorem 7.2, it can then be clearly seen that the zero of Ps(x) lies
in (—0.1, y(5)) and that of Q5(x) is contained in (¥ (5), 0.3).

Some other important quantities. We proceed by deriving explicit representations for various
other important quantities required for a complete characterization of the genus 1 problem.
We start with the theta function representations for the recurrence coefficients of relation (1.1).
Using the fact that, as p, — 00,4, &, (py) = f;— it is easily shown that

—e 2™ 91 (0) } 93((2n + 1)u*)
AD1(2u) 3 (u)

h, =6,,[
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Figure 6. The genus 1 polynomial Q3p(x) fore = 0 and 8 = 0.6.
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Figure 7. A plot of the polynomials, Ps(x) and Qs(x) for the case where @ = —0.1 and 8 = 0.3,
illustrating the position of their respective zeros on the interval E = (—0.1, 0.3).

From (8.13) it follows that

1 forn =0
hy, = [ 91(0) ]2” 93((2n + 1u*) (8.16)
2 forn > 0.
A% (2ut) %3((2n — 1ut)

We recall that from the recurrence relation (1.1) and the orthogonality relation of (1.4) it can
be shown that a, h,_; = h, and hence we find

2[ 91(0) Tﬁaeuﬂ

A9, 20 | 5 forn = 1;
= ! , (8.17)
[ 9!(0) } B3((2n + Dut)d5((2n — 3)u*)
forn > 2.
A (2ut) 93((2n — Dut)
The Hankel determinant, given by ]_[;le hj,is
810) 1" 95(2n + u*
detH, — 2" 1(0) 3((2n + Du )’ 8.18)
A (2u*) ¥3(ut)
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where

Hy = [jsx]jk=0,1,...n5 (8.19)

with u ;, the jth moment of the genus 1 weight function.
Setting g = 1, it then follows from (5.17), using the results of (4.21), (8.8) and (8.10) that

. lz?é((Zn — Du*) 3 2n — 1) 95(*) B n(B —a)

= 8.20
P = (@ = Duo) A () 2 (8:20)
It is worth noting at this stage that we have now shown that
a—p
Pi(x)=x+ 7
When o > 0 selecting 8 > 3« and for o < 0 choosing 8 > —«, we ensure that
o< poo < p.

2

Hence we have demonstrated analytically the existence of cases where the polynomials have
zeros on the interval E. We can now determine an expression for the other recurrence
coefficient b,. Again we use the fact that b, = p1(n — 1) — p1(n):

B—a 1 [ Byt 9i(Q2n—3ut)  4(2n — 1)u+):|

b, = +—12 + —
2 Al Us(ut)  93(2n —3)ut)  U93((2n — Dut)

n>1. (8.21)
We proceed with the determination of y (n). Previously in deriving an expression for the
¢j, j=0,..., g, wenoticed that, as p, — oo_,
En(px) = 2P, (x) +O(x™"). (8.22)
We had shown from (6.26) that

8

/ iy £ 1 1 1g Yj
YELX) = Ea(p)| Y cjx +§; - +5;x_yj

= X—Vi 1

i| =0, (8.23)

for all x. Expanding the left-hand side around the point at co_, using (8.22) and setting
the first g coefficients equal to zero, we then obtained relationships for the c; in terms of
{Pr> Yk, 2k, B 1 k=1,..., g}. In the particular case where g = 1, we found that, for n > 0,
ci1(n) = —n and

a+fB yn) —«a
> + > .
We shall now use the same principle but this time we expand around the point at co,. In
so doing we obtain a second relationship between cy(n) and y (n). Eliminating co(n) between
this and the equation above will provide the expression for y (n) that we seek. Firstly, we
require the asymptotic expansion of &,(p,) as p, — oo;. From (1.13) it follows that in this
limit

co(n) = p1(n) +n (8.24)

En(py) = /E Pn(t)t”p(t)dt+xnl+z /EPn(t)t"”p(t)dHO(x"3)] (8.25)

m [xn+l

Observe that we can always write

=) " hjm) P (1), (8.26)

=0
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Figure 8. The values of y (n) as n varies from 1 to 100, when « = 0 and 8 = 0.6.

where it is easily shown that Ag(n) = 1 and A;(n) = —p;(n). It then follows from the
orthogonality relationship that

/ o p(1) di = hy
E

/ P, p(t)dt = A (n + D)h,,.
E

In the case where g = 1, as x — 0o, we have

L v oy
w(x) * 2 v
so that ultimately in this limit we obtain
hn hn - —n—
Enlpy) = — + —= (a L A(n+ 1)) +0(x "), (8.27)
x" o xn 2

We then expand the left-hand member of (8.23), with g = 1, around the point at co, and
set the coefficients in this expansion to zero. The coefficient of x~"*! verifies the fact that

c1(n) = —n, while that of x ™" gives the relation
comy =n 2B BV, (8.28)
2 2
Subtracting (8.24) from this expression we find that
B+a
y(n)=pin+1)—pi(n)+ >
Then, since b, = p1(n — 1) — p;(n), it follows that
1[95(2n+ Du*)  3:(2n — Du* % (u*
y(n) = p+o Cpi—at s 3(@n+ Dut) — 93(2n — Du) 5 3(u™) ’ (8.29)
2 Al 93(2n+ Dut)  95(2n — 1Dut) %3 (ut)

by virtue of (8.21). In figures 8 and 9 we plot the values that y (n) takes as n varies for two
specific choices of the interval E. Note that in both cases y (n) € [«, 8] for all values of n, as
required by theorem 3.1.
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Figure 9. The values of y (n) as n varies from 1 to 100, when « = —0.1 and 8 = 0.2.

A convenient expression for co(n). We take this opportunity to determine another expression
for co(n) that will prove of great use later. Previously we have obtained representations by
essentially expanding different expressions for (d/dx) In £, around the point at co_ and oo,
and then equating. Again we adopt a similar approach, this time expanding for p, around 1 in
terms of the local coordinate £ = /x — 1. Note that in this locality it follows straightforwardly
from the definition for u, that

B V2
AT =PI —a)

From the expression for &£, given in (8.11) we have

u, £+0(&Y). (8.30)

In&,(py) = In(8,e2™™) + n[ln ¥ (uy — u) — In ¥ (u, +u*)]
+ In®3(u, +2nu") — In ¥3(uy).

Hence by using (5.9) and (8.30) it is easily shown that

d 93 (2nu*) _ ¥y (u) 1

—In&,(p,) = —2 AW 1 O(1). 8.31

g N6 (p) = ST 4 O (8.31)
On the other hand, expanding the g = 1 form of (6.26) in terms of &, we find

d co—n+ 5L 1

— & (py) = U o). (8.32)

dx 20 - —a)é

By equating the last two local expressions we determine the following representation for co(n):

N2 l(ﬂg(Znqu) ) z?{(u*))

n— +— —2n
2(1—=y)  A\93(2nu*) 1 (u*)

co= (8.33)
It is easily shown using results in [28, ch 9] that 99} («) /93 (1) is a bounded function for all real
values of u and that ¢ (u)/9(u) has its only real valued singularities at ¥ € Z. Thus, since
y € [a, B] for all values of n and u* ¢ Z, we have shown that cy(n) has the general form
co(n) = nky + ko (n), where k; is finite and constant for a fixed n and «,(n) is bounded for all
values of n. Notice in particular that

. co(n) 2 ¥y (u*)
lim =1—-— .
n—>o0o n A ¥ (ut)

(8.34)
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Contraction to one interval. We continue by demonstrating that allowing « — B, so that
E becomes a single interval, leads to the recovery of well known results for the Chebyshev
polynomials. Firstly let us examine the differential equation satisfied by P,(x) and R, (x):

Y (x) +s(x)Y' (x) +t(x)Y (x) =0,

where
s(x) = —<2f1 + Lzl + £>
f2 f“,’ iy (8.35)
tx) = fL— fl+ fl(?j + E) — frw?,
with

1 1 B 1
fHix) = §<x——y x—a)
= )
nx —cy— ———
X —o 2(x —y)

_ X — O
YO = e o De =B

Note that in the case where we seta = 8 = y (n), thus reducing the problem to a single interval,
since the weight function is then symmetrical on [—1, 1], it follows from the orthogonality
relationship (1.4) that p;(n) = O for all values of n. Consequently, using (8.24), we find that
co(n) =na,n > 0. Thus f; =0, f» = n and w = 1/4/x% — 1 and we recover the classical
equation satisfied by the Chebyshev polynomials of the first kind, 7}, (x):

(x? = Y (x) + xY.(x) — n*Y (x) = 0.

falx) =

In order to determine the nature of P,(x) and Q,(x) as « — B, we must first understand
the behaviour of the fundamental quantities A, v and u™ in this limit. Setting 8 = « + § and
allowing § — 0, it follows from (8.2) that

2
A= 4006), 8.36)
V1 —a? ( (
and (8.4) leads to
T =——Iné+—In[8(1 — a®)] +O(). (8.37)
b/ T

In the limit § — 0, we also have

+ 1 . a+1
u’ = — arcsin + O(5). (8.38)
b4 2

From the definition for ¥ (1) given in (8.1) it follows that
2
[8(1 — o)A

#(0) = 14+ 08

2sin27ut 1
ity 3 Vi 5/4
ﬁl(2u+) B 2)]1/48 +0O(577).

Thus recalling (8.14), we have determined that
o(n) = (=1)"27" +O(9). (8.39)
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When g =« +6,
" __</x dx
A\ /a2 o)

integration then gives

+ 0(5)>.

1 +D(x—1
u, = Laresin, | EFDE=D o, (8.40)
T 2(x —a)
From the theta function definitions of (8.1) it follows from (8.14) that

sin 7 (u, +u'*)

gi(x;n) = [ i| +0($) (8.41)

sin 77 (u, — u®)
and

sinm (u, —u*)

g (x;n) = [ i| + 0O(9). (8.42)

Using (8.38) and (8.40), after some elementary trigonometric manipulations,

JTrx—ivI=x\"
gl(x;n):(—l)”< 11);;\/%) +00) = (=1)"(x —ivV1 —x2)"+0@)  (8.43)

sin 7 (u, +ut)

and hence

g(x;n) = (=1)" (x —iv1 - xz)in +0O(9). (8.44)
Setting x = cos z implies that

g1(cosz; n) +ga(cos z; n) = (=1)"[e™"* +e" ]+ O(9),
and thus

313/13 P,(cosz) = 2" cosnz; n>l. (8.45)

Similarly we find that

sinnz

lin}} Q,(cosz) =2 (8.46)
o—>

sinz
Both of these expressions are in agreement with the results for the Chebyshev polynomials of
the first and second kinds, respectively [23].

9. Determination of the {~;} in higher genus cases

The importance of the points {p,, : j = 1,..., g} is apparent from the preceding sections.
Originating from the consideration of the divisor for Akhiezer’s function
0 (x)
Ealpy) = Pu(x) —
w(x)

on the Riemann surface R, they are required in order to completely quantify the differential
equations satisfied by the polynomials P, and Q,, and indeed any quantity that has a
dependence on y;, j = 1,...,g. The p,, represent the solution to the Jacobi inversion
problem of equation (4.10) and as such are the zeros of the Riemann theta function of g

variables:
g
ﬁ(ux - C - Zua/ —n(u” — u+)).

=1
In general this result is not easy to work with.
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In an effort to advance our understanding of these points, in this section we explicitly
consider the determination of {y; : j = 1, ..., g}, their projection on the complex plane,
for the case where g = 2. By taking different representations of the asymptotic expansion
of % In &, (p,) around the points at co_ and oo,, matching coefficients we generalize the
technique used in the genus 1 case and obtain a quadratic equation satisfied by y; and y,. As
the reader will see this technique can, in principle, be extended, so that in the general genus g
case, a polynomial of degree g satisfied by the {y; : j =1, ..., g} is found.

The case where we expand around the point at co_ has been considered previously, when
we derived expressions for the ¢; in terms of {yx, o, Bx : k = j, ..., g} in section 6. When
g = 2, we find the following expressions:

C) = —n
yin) —ar+y(n) —an

2 (CAY
i) —of +yin) — o3

3 )
where the b; are defined as in (6.22). As g = 2 in the case under consideration we may write,
as p, — oo_, that

c1 = pi(n) —nby +

co — bici = 2pa(n) — pi(n) +n(b] — by) +

y = —x> —b1x? — byx + O(1), 9.2)
with
b — ! +Bi+art o
' 2
2,824 024 B2 9:3)
by — 2ai(er+ B+ Bo) +aa(Bi+ o) + fifol — (af + B+ +B7) 1
2T 8 2
Considering the expansion of &, (p,) as p, — oo, from (1.13) we find that
1 P,(t)t" p(t)dt P, ()" p(t) dt
En (px) = fE 1 + fE : 2
w(x) xnt xnt
P,()t" 2 p(r) dt
, Je B0 p®) +mf%ﬁ]
xn+3
Writing, as we did in section 8,
=) " hjm) P (1), 94)

=0

it is easily shown that Ao(n) = 1, Ai(n) = —p1(n) and A, (n) = p1(M)p1(n — 1) — pr(n). It
then follows from the orthogonality relationship satisfied by P, (x) that

hy [1 Ma+1D) A +2)

En(px) =

w(x) xn+l xn+2 xn+3

+0@ﬂ4ﬂ. 9.5)
We proceed by observing that in this case

Inw((x) = %[ln(x —ap) +In(x — @) —In(x — B1) —In(x — B2) — In((x* — D).

It then follows that, as p, — oo,

Q.1 pathen ] <1+ﬂ%—a%+ﬂ§—°‘§

dx w(x) x 2x2 x3 2

>+0@4y
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Combining this result with that of (9.5), we find the following asymptotic expansion:

1 <ﬂ1—a1+f32—052

d n
—1 nPx) = ——1T —
dx 0 &n(p) x+x2 2

2 2,2 2
(1 Pz ;ﬂz AN T —2,\2(n+2)) +oh. (9.6

— M+ 1))

1
+ —
x3

Recall from (6.26) that for all values of x, in the case where g = 2,

d Y & 1 1 1
—In&,(py) = co+C1x + o2’ + 5 - Tl Ty
ydx n (p) Cot X+ X 2;()(—]/’- )C—Oli> 2;)6_%'

Expanding each side of this identity around the point at oo, using (9.6), and equating the
coefficients, provides the following expressions:

B1 —yi(n) + B2 — y2(n)

C]=—)\.|(I’l+1)—nb1+ )

B — vi(n) + B3 — y3(n) 7
CO—b1€1=)»%(n+1)—2)»2(n+2)+n(b%_b2)+]+ 1 1 . 5 5 .
From equations (9.1) and (9.7) it follows that
=F

V12(n) + ygz(n) (n) o)

yi(n) +y;(n) = G(n)
where
F(n):=pi(n+1) — pi(n) + w
G(n):=1+pin+1)+pin) —2pi(n+2)pi(n+1) — pa(n +2) + pa(n)] (9.9)

2 b

having used the previous expressions for A; and A, in terms of p; and p,. It is then easily
shown that y (n) and y,(n) are the solutions of
F2(n) — G(n) _

3 =

Since the p; can be expressed in terms of the recurrence coefficients of relation (1.1), we have
thus demonstrated how to find expressions for y; and y, in terms of the {a;} and {b;}.

x> — F(n)x + 0. (9.10)

10. Large n asymptotics

An object which will play an important role in the following development is k,(x, x), the
Christoffel-Darboux kernel evaluated at the same point. For our purposes, we introduce

0 (x) 1= p(X)ky (X, x) = ‘Z(x)

(P (x) Pyi(x) — Py(x) Py (x)). (10.1)
n—1

In the case of the Chebyshev polynomials, where p(x) = 1/4/1 — x2, T,(cos 0) = 2'~" cos nf
and h, = 72!,

0,(x) = [n cos[(n — 1) arccos x] sin[#n arccos x|

1
(1 — x2)

— (n — 1) cos[n arccos x] sin[(n — 1) arccos x]].
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0.5 1

Figure 10. o, (x)/n for the genus 1 polynomial P,, where « = —0.1 and 8 = 0.2, and T},, the
Chebyshev polynomial of the first kind. In both cases n = 20.

Observe that this may be written as

n+/1 — x2 +sin[(n — 1) arccos x] cos[n arccos x]

0, (x) =D (102)
from which it follows that
" 1
Jim 2% _ l<x<l. (10.3)

n—»oo n T /1_x2’

Observe that in the context of the material that follows, the right-hand side of (10.3) can be
identified as the equilibrium density of the interval [—1, 1].

In order to determine a corresponding expression for the generalized Chebyshev
polynomials, we recall that (6.32) states

Py(x) = fi(x;n) Py(x) + fo(x;n)Q,(x),
with

e (1)
e '_2].:1 x—yin) x-—«aj

g g—1 j_ 1\ Vi (10.4)
nxé — ijo cjmx! — 335, Ry
fa(xin) = z .
j=1(x —aj)
We can use this to write
(x)
on(x) = Z_[Pn(x)Pnl(x)(fl(x§ n) — filx;n—1))
n—1
+ fZ(X; n)Qn(x)Pnfl(x) - fZ(X; n— I)Pn(x)ini|' (105)
o,/n for P, in the genus 1 case, where « = —0.1, 8 = 0.2 and n = 20 is illustrated in

figure 10. It is contrasted with o, (x)/n of the Chebyshev polynomials of the first kind, also
plotted for n = 20. Observe the similarity near the edges (i.e. near to 1) and the contrast
between the behaviour at « and the other end points for the generalized polynomial, which is
dictated by the weight function factor.
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An electrostatic problem. Let o be a positive charge density defined on the set E =
[—1, o] Uﬁ;} [Bj. ot;1U [Bg, 1], satisfying the condition that

/ o(x)dx = 1. (10.6)
E
We consider the energy functional
I[o] = _/ / In|x — tlo(x)o (¢) dx dt. (10.7)
EJE

The equilibrium density of the set E [27, p55], denoted by o*, is obtained by minimizing
the energy functional subject to the normalization constraint. Thus, by taking the functional
derivative of (10.7), o * satisfies the following integral equation:

V= —P/ In|x — t|o* () dr. (10.8)
E

The Lagrange multiplier V is known as the conductor potential of the set E, and is a constant
for x € E. Differentiating (10.8) with respect to x, o* then satisfies

P/ 7@ 4 o, x€cE. (10.9)
EX—1

The general solution to this equation is then found to be [11]

_ U

o*(x) x ek, (10.10)

with y = \/(x2 —1) ]_[‘5:1()6 —o;)(x — B;i) and U, an arbitrary polynomial of degree g.
Note that without loss of generality we assume that y takes values that are consistent with
approaching E from above on the +sheet of $R. The requirement that o*(x) be real and
positive for all x € E demands that the zeros of U, lie one a piece in each of the intervals that
make up E (:= [—1, 1]\ E). Quantitatively, the g + 1 coefficients of U ¢ are determined by the
fact that f £ o*(x)dx = 1 and the Akhiezer—Widom condition [3, 30, section 13], which states

Bi
/ o*(x)dx =0, i=1,...,g, (10.11)
o
where, for x € E, o*(x) is taken to be the extension of the function given in (10.10). These
conditions are required to ensure that the conductor potential V is the same constant on each
sub-interval and can easily be demonstrated as follows. We introduce the function [16, 30,
section 13]

T(x) = Re(—/ o*(t) In(x — t)dt), x eC.
E

When x € E we see tllat this function is, in fact, a constant equal to V, so that (d/dx) Y (x) = 0.
However, when x € E we find that

iT(x) = / o"(t) dt = imo*(x),

dx Et

where the integral above is evaluated in exactly the same way as w(x) was determined in (2.2).
In light of this last fact we find that, in order for V to be the same constant on each of the
intervals making up E, we require that Y'(8;) — Y(a;) = 0,i = 1, ..., g, and consequently
this implies the conditions of (10.11).
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Notice that from the normalization condition it is easily shown that

g—1
Uy(x) = %<x8+2k_,-xf>, (10.12)
=0

where the coefficients, k;, follow from (10.11). Hence, referring to (4.14) and (4.16) we have
identified that the Akhiezer—Widom conditions are equivalent to the conventional normalization
of Q. Indeed we have shown that
idQ

o*(x) = ——. (10.13)
w dx
Returning to consider the g = 1 case explicitly, the equilibrium density is given by
. i(x + ko)
o*(x) = , x €E. (10.14)
7y/(x = D(x —a)x — B)
where
fﬁ xdx
__J* Y
ko = Far (10.15)
oy
These integrals can be written in terms of the standard elliptic integral functions [12]
(1-pn(F= &
ko := A= )—1, (10.16)

K (k)
with I1(m, k) a complete elliptic integral of the third kind and k defined as in (8.3). We now
take the opportunity to recast ky into a form that will prove convenient later. In order to
make comparisons with the preceding results we will require a representation in terms of theta
functions.
In cases where 0 < m < k? the elliptic integral of the third kind,

dr
(1 —m2) /(1 =) — k212

sin
n.m k= [
0
can be written as [28, ch 10]

1 O4(%E d
M, m k) = ——2 | Zn 4(25) —u o ()| (10.17)
enrdnr [ 2 94 (4F) dr

where sn, cn and dn are the Jacobian elliptic functions defined by the relations

snu dt
= ) 10.18
“ /0 VA =21 = k%?) ( )

and

cnu +sn’u = 1

(10.19)

dn’u + k%sn’u = 1,

where u and r are given by

m = k*sn’r
(10.20)

sin Y = snu.

Note that
B—«

< k2.

0<
1

—



Generalized Chebyshev polynomials 4689

x = F(arcsin x, k), we may write . = sn~'1 = K and
ﬁ‘“w) — F(,k),
l—«

Thus, by observing that sn™

1
r=F (arcsin —
k

with ¢ as defined in (8.7). Consequently we find that
H(ﬁ —a k) _ YT—a)T+5) ¥ (5%)
1—a’ 20-8) (%)’
since ¥4 (u + 3) = ¥3(u). From (8.6), 5= = u* and so that

_ 29w

= — 10.21
O T A D (uh) (1021)

and hence observe, with reference to (8.34), that
ko = — lim 0. (10.22)

n—>o0o n

It will become apparent that V is a quantity of great importance. We now proceed by
simplifying the expression for the potential in (10.8), which by using (10.10) is given by

V= —/ Ye@ 111 — v do, (10.23)
E )

Using the convenient integral representation

I xda
ln(l—x):/
0

xr—1’
it follows that
V= _i/l d_)»/ )6()cf°’+kg_1x!~’*l1 +--+ko) e
mJo A JE (x = 2)y

The second integral on the right-hand side is easily evaluated; using the contour A as defined
in section 2 and Cauchy’s integral theorems

xJ {0 forj<g
—dx = . .
EY —im for j =g,
andfor% ¢ E
X8 kg1 x84k _ A8 kg A T84+ kg
_l) dx =im 1 — ] .
E (x =)y \/(ﬁ_l) G —a) iz —8)
1
Ift:x,then
00 Bk, 8 o+ k 1
v ( = ‘ ——)dt. (10.24)
A= DITEL e —ape -8y !

Recalling (5.6) it is evident that V = .
If S is a closed bounded set in the complex plane that contains infinitely many points, then
taking n of these points {x; : j =1, ..., n} and writing

1,...n 1/(n/2)
= P — 10.2
d, (g}g{l_[lxj m}) : (10.25)
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Fekete [9] showed the limit as n — oo of the sequence {d, } exists and called this quantity the
transfinite diameter of the set S, denoted C(S). The proof of this existence theorem is also
presented in [27, theorem 21, p 71]. Considering the set of monic polynomials of degree n,
denoted by {r, (x)}, and taking

M, = min{mag( |7, (X))}, (10.26)
TTp xXe

the transfinite diameter of S can then be identified [9] as the limit

C(S) = lim M. (10.27)
n—o00

It is shown in [27, theorem 23, p 72] that there exists a unique polynomial #,(x) € {m,(x)}
with the property that

max |t,(x)| = M,. (10.28)
xeE

In the literature, f, is often referred to as the Chebyshev polynomial of degree n for the set

E. However, in this paper we reserve this title for the classical polynomials orthogonal on the

interval [—1, 1] and simply refer to #,, as the extremal polynomial associated with the set E.
Due to a result by Szego [24], we find that, for the set E considered in this paper,

C(E) =exp[—V], (10.29)

where V is of the form given in (10.8). (For a proof of the equivalence of the various expressions
for the transfinite diameter, the reader is referred to [27, theorem 26, p73].) Thus, when
E=[-1,q] Uffll [Bi, air1] U [B,, 1], the transfinite diameter is given by

C(E)—eprOOG_ AT L )dti| (10.30)
P e = DT - e - B)

This fact is well known and can be found in [30, p 226] and [3] among others.
We proceed by presenting some lemmas that will be required in order to show that extremal
polynomials associated with the set E tend towards P, in the limit as n — oo:

Lemma 10.1. Since the B period matrix has the property that Re{B;;} =0, j,k=1,...,g,
for u = iu, with u € R8 it follows that

P (u; B) > 1. (10.31)
Proof.
9 (u; B) = Y _ exp(ir((s, Bs) +2(s, u)])
seZs
=1+ + 4.+ e7Ti(s,Bs) (ezni(g,u) " 672ni(s,u))
(£ogee T )
sp>1 s1=0 s =sp=-=Sg_1=0
sp2>1 sg>1
= 1+2(Z+Z+"'+ Z )e”i(s'Bs)cosh2n(s,ﬁ)) > 1.
sel8 seZ8 se78
sp =1 51=0 sp=sp=-=sg_1=0
s321 sg>1
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Lemma 10.2. The vector uy, is given by the formula

1< e;
Uy, = E;fhk dw + 7’ (10.32)

where (e;)x = 8ji. It then follows that

g 1
8 g —1 1
D=2) u,=8B|". |+]. (10.33)
j=1 : :
1 1

Proof. We havefor j =1,..., g

Pg Pa, 1 8 ]1 p/f‘—k—l
/gdw+z - / dw  ifj<g

Uy, = P1 PBe_i =0 Py (1034)

J Pse pag
/ dw + / dw if j =g,
P1 Pag

where all paths of integration lie in the +sheet of R and project onto the upper half of the
complex plane. Note that fork =2,..., g

Pg_y
/ dw:—i/ dw———Bek
p by

a

It then follows that

0 < p
1

: /dw—%Z/dw+/ dw

O =1 by pﬁg
It is also easily shown that

Pag_
f dw =2 Z
pﬁg 1
from which we deduce that
1 e
Pey 3 ifk=1
/ doy= =1 ifk=1-1
P 0 otherwise.

Substituting these last few results into (10.34) the lemma follows. O

Lemma 10.3. Writing B = iB, we then have the following inequality for any u € R with the
property that |u;| < 1;

exp[—Z£]
Vdet B ’

where v is the smallest eigenvalue of B.

|9 (u— D; B)| > (10.35)

Proof. Using (10.33) and the elementary properties of the theta function,
|9 (u — D; B)| = explz(to, Bto)]|? (u: B)|,

where tp := (g, ..., 1)T. Note that, as B is positive definite,
(to, Bto) > v(to, to) >0
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Observe the following specialized modular transformation of the theta function known as the
Jacobi imaginary transformation [7, ch 2]:

i8/2

+/det B

Using this result we find that

Y (u; B) = exp[—mi(u, B"'u)]|9 (B 'u; —B7).

exp[—m(u, B~'u)]

|9 (u; B)| = ———[0(—iB'w; iB7)].
vdet B
Since
w, By < W < &
v v
we obtain
exp[—ﬁ] . 5—1 - 5—1
|0 (w — D; B)| > ——= [} (=iB" u;iB™)|.
vdet B
The result then follows by applying lemma 10.1. O

Lemma 10.4. Again writing B = iB, for any u € RS,
|9 (w — D; B)| < explrg’0]9(0; B), (10.36)
where U is the greatest eigenvalue of B.
Proof. Using the quasi-periodic property of the theta function and lemma 10.2, we find
9 (u — D; B) = exp[2mi(u, to)] expl (to, Bto)19 (u; B),
where % is defined as above, and hence
|9 (u — D; B)| = explz(to, Bto)][9 (u; B)I.
Note that, as B is positive definite,
0 < (to, Bto) < D(to, to) < Ug’,
and from the definition for the theta function
|9 (u; B)| < ) expl—7(s, Bs)] = #(0; B),

=

concluding the proof. (|
We now have sufficient information to prove the following theorem:

Theorem 10.5. The following limit holds:

1ir§o(1§1€ag [P, (x)D'" = C(E). (10.37)

n—

Consequently we find that asymptotically the extremal polynomials for the set E tend towards
P,(x).

Proof. If we can show that, for all x € E,
|P,(x)] < N(n)C"(E), (10.38)

where N (n) is a positive function of n with the property that N » — lasn — oo, then it is
certainly true that

lim (max | P,(x))"/" < C(E). (10.39)
n—oo xekE

Equality must then follow by the properties of the transfinite diameter.
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By virtue of the expression for P,(x) in (7.9) it is easily shown that for x € [—1, o] —
] Uf‘;;: [Bj,js1 — €] U [Bg, 1], where & > 0 is arbitrarily small but fixed, that
[Py (x)| < Ni(e) P (1),
where N (¢) is a positive real number independent of n. This follows from the fact that W, (x)

isrealand y;(n), j = 1, ..., g, are bounded in n. Now from the expression for P, (x) in (5.21)
it immediately follows that

9 (u~ — D)¥(nB — D) 'z?(u*—D)z?(nﬁ’+D) ')

A (10.40)
(D) (u~ +nB — D) $ (D) (ut — nB — D)

Pu(1) < e""“(‘

Note that B is a vector with real components. This follows directly from its definition in (4.17)
and the fact (10.13) that relates dS2 to the equilibrium density of E. Indeed we uncover a
physical interpretation of the elements of B, finding that — B is, in fact, equal to the proportion
of charges lying on the interval [8;_, o], where By := —1. Thus for any u,

d(nB +u) = 0 (nB)} +u).

It also follows from the fact that the components of dw are real valued on the interval [1, co) that
the vectors u* and u ™ are elements of R8 with components such that uf efo,,j=1,...,¢g.
Consequently it is easily shown by (10.35) and (10.36) that

|Pa(D] < Noe™0,

where N, is a positive constant independent of 7. Recalling that yo = V and that C(E) = e~ ",

we see that for all valuesof n and x € [—1, o) Uf;]l [Bj, aj+1) U[B,, 1], there exists a positive
number N such that

|P,(x)| < N(e)C"(E). (10.41)

It remains to consider the behaviour of | P, ()|, j =1, ..., g. We can obtain expressions

for P,(a;) from (5.21) by expanding both &, (p,) and fn (px) around the point p,,. Without
loss of generality we assume that p, is a point on the +sheet of R that corresponds to the real

value x = oj + 8, with 0 < § <« 1, and any integration contours joining p; and p, are smooth
non-self-intersecting and lie in the upper half of the +sheet. Writing u, = u,; + Aw,

Px 8 A71 g.ik
Au = / dooy = 2( > DIk )\/g+o(53/2)
y V@ = D@ = B Tl @) = )@ = B)]

=: 2LV + 0(8°?), (10.42)

where this result follows directly from the local expansion of the expression for dw; given
in (4.2). Regarding Q2 (p,), it is easily shown by use of the normalization conditions given
in (4.16) that

Pa; J
Q(p,) :/ dQ = n1< ZE) (10.43)

P
By expanding d€2 about py,

~1
/px dQ = 2( @)+ Yo ki )JE+ 0(5%?)
y V@ = D@ = B) T L@ — )@ = )]

=: 2M/$ + O(8*?). (10.44)
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Using (10.42)—(10.44), from (5.21) we obtain an expansion of of P, («; +3) in terms of powers
of §. Setting § = 0 we then find that

e X0 I:e"Q(Paj)ﬂ(u— - D)

Pn(a ) = 7 =
NS 0i(ue, — D)L | 9 (u- +nB — D)

8
x <Z 9/ (uy, +nB — D)L, — nM9 (uq, +nB — D)>
=1

e”Q(pu‘f)ﬂ(,uﬁ _ D)(
+

8
. > 9/ (ug, —nB — D)L, +n M (ug, —nB—D)):|.
9(ut —nB — D)

=1

(10.45)
Note in particular that €2 (p,;) is imaginary and that by construction | Zle ¥ (ug, —D| >0
as both &, and &, have at most simple poles with respect to the local parameter at P, Also
observe that

9 (uq, £nB — D) = ¥ (uy, + {(nB} — D)
9] (uq, £nB — D) = 9/(u,, + {(nB) — D), I=1,...,g.

Now, since the theta function is an entire function of g complex variables and consequently its
derivative is entire too [6, p 247-248], we conclude that both of these functions are bounded
above by a positive constant that is independent of n. Applying (10.35) and (10.36), it then
follows that for all values of n there exists a positive constant N3 such that

| Py(aj)| < nN3e "X,

Since lim,,_ o, 1" = 1, identifying C (E) withe™ %, we see that for all values of x € E, (10.38)
is satisfied, thus concluding the proof. ]

Returning to the specific case where g = 1, we find an explicit expression for C(E).
Equation (10.24) is now

/°°< t+ko 1)
V = — — ) dr
P \V@-De—a)—p) !

Standard results for elliptic integrals [12] then give
{2((1 —BN(Y W), 155, k) + (B +ko) F(¥ (v), b)) | }
—Invy,
(I =a)(T+p)

V = lim

V—>00

/ D -1
sinyr(v) = %

In order to consider the limit above we make use of the following identity [1, p 599], which
states that for [ > 1

where

1 I M (10.46)

0, LI ==, m b+ F@ b+ 5 In) 2= b

with

AW =1 - R sin? ¢ (1047)
x =vAd=m)I-1).
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By expanding these quantities in terms of %, the limit is
2(1 +k 2(8—1 — — 2
V=&F(¢,k)+ B-1 H((b,'B a’k>_1nﬂ—a+.
VA —a)(1+8) VA =—a)(1+8) l—« 4

In order to exploit this result, we require an alternative representation in terms of theta functions.
Using (10.17), again we set r = F(¢, k), but this time u = sn~'\/(1+ B)/2 = F(¢, k), thus

(o B —% ) = VU -—a)d+p) lln U4(2u™) _u+l9{(u+) ’
-1 2 9400 Uy (u)
having observed that r/2K = u*. Recalling that
2 9 (u*
ko = 2000
A v (uh)
we simplify the expression for the conductor potential substantially, obtaining
4942u*
V= m[#],
(B — o +2)94(0)
This can be further manipulated by using the following identities [12], [28, ch 9]:

o <%) = \/Ezh(%)anu

#1(0) = 72(0)13(0)84(0)

kK (10.48)
220 = |

b g

[2K
93(0) =,/ —.

T

Combining these allows us to write
_ 1n|:1§‘1(2u+) 2K ]
91(0) (8 —a+2)sn2r
This can be simplified by employing the fact that [28, ch 10]

"1—«

2snucnudnuy
U= ———i——. 10.49
e = A 2sntu ( )
Since snr = /(1 + B)/2, cnr and dnr then follow from their respective definitions given
in (10.19), we then obtain

2/ —a)(1+8)
B-—a+2)
and finally arrive at the desired representation:

A% (2ut
V = ln[w].
21(0)
Hence in the case where E is composed of the two disjoint intervals of the real line, [—1, «]
and [B, 1], the transfinite diameter is identified as

2;(0)
A (2ut)’

Note that an equivalent expression for this quantity was derived by Akhiezer in his consideration
of Solotareff’s problem [5, p 288].

sn2r =

(10.50)

C-1l.a]U[B.1]) = (10.51)
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We can now examine the behaviour of o,,(x)/n of the genus 1 polynomial P,, asn — oo,
for x ranging over the set E. Recall that

p(x)
n—1

+ fo(x;n) Q0 (X)) Py (x) — folxsn — 1) P, (x) Qp_1(x)],

Gn(x) =

[Pa(xX) Poi () (fi1(xsn) — filx;n — 1))

where

YR 1

nx —co(n) — 5520
frlesn) = e,
X —a

(10.52)

Using (10.51) and (8.16) we uncover an expression for the L, norm in terms of the transfinite
diameter:

93(2n + Du™)

D3((2n — Du*)

Noting that for 93(u) it has no real zeros, it is then easily shown that, as n — oo,
hy, ~ [C(E)J™". (10.54)

Restricting x to the interval [1, o) U [, 1], it follows from (10.41) that asymptotically
Py (x) Py (x)

B

and from (8.33) and (10.22), that

co(n) = —nky + O(1)

h, = 2[C(E)]* (10.53)

—0(1) (10.55)

as n — 00. Therefore in this limit

k
Aeen = TR o). (10.56)
X —a
Recalling (1.9), we see that for x € [—1, ) U [B, 1]
in(x + ko)
o, (x) ~ n— oo,

/o2 =D —a)x — B)
that is
. op(x)
lim

n—oo n

— o*(x). (10.57)

Thus the equivalence of the equilibrium density for the set £ and the limiting expression for
on(x)/n, for x an interior point of E, has been established for the genus 1 case. This is the
‘scaling’ limit referred to in section 1.

It is important to note the restriction on values of x. In the limiting form above, the
appearance of /x — « in the denominator is due to the fact that

Pi(x) = filx;n)Py(x) + fr(x;n)Qu(x),

where both f; and f> have poles at «. Clearly as P, is a polynomial of degree n — 1, it has no
poles at any finite value of x. Thus if we were to write the expression above as a single rational
function the polynomial in the numerator would be identically zero when x = «. Thus referring
to (10.1), we see that o, () = O for all n. However, stipulating that x € [—1, o) U [B, 1], the
expressions for f; and f, are bounded in x and the asymptotic analysis proceeds as above.
The special nature of the point at « is clearly illustrated in figure 11. Here o*(x) is plotted
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-1 -0.5 0.5 1

Figure 11. The equilibrium distribution o *(x), contrasted with o, (x) /n, wherea = —0.1, 8 = 0.2
and n = 20.

together with o,,(x)/n, withn = 20, « = —0.1 and § = 0.2, for x € E. Note then the good
agreement at all points, apart from those in the immediate vicinity of o, where o *(x) is shown
to diverge and o, (x)/n — O.
Concerning the genus g > 1 case, using the expression for 4, given in (5.13) instead
of (8.16), it still follows that
h, ~ [C(E)]™", n — oo.

Thus if we can prove that as n — oo, ¢j(n) = n¢; + O(1), where ¢; is independent n, the
genus 1 analysis can be repeated and

. —1 v .
i O _ i(xf = 380 ¢xd)

noon n\/(xz — DT & — o) (x = B))

, xe€E\{aj:j=1,...,g}

(10.58)
In fact we have
Theorem 10.6.
nli)rglo%z—kj, i=01,...,g—1. (10.59)

Proof. Using the expression of D and the quasi-periodicity of the theta function we can
simplify (5.21) and (5.22). Computing the derivative of P,(x) with respect to x using the
simplified forms gives

P,(x) = nQ' (x)R,(x)

o d ®(u, + {nB)) d ®(u, — (nBY)
n nQ(x) n€(x) S
+ C"(FE) |:e v_ (n)_dx —ﬁ(ux) +e V. (n) P 5 () i|

where
P(uT)
B (uF + {nB}))
As noted previously ¢ (n) is bounded in n and, for x € E, €2(x) is pure imaginary. Now since

P (uy £ {nE}) is an entire function of g complex variables which in turn implies its derivative
is also an entire function, we conclude that, for any x fixed in E, %1‘} (uy £ {nB}) is bounded

91 (n) =
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(in n). Furthermore, according to a theorem from potential theory, for any closed bounded
sets Sy and S, with S; C S5, C(S;) < C($,) [27, theorem 3.3, p 56]. Therefore taking S; to
be our E and S, to be [—1, 1], we have C(E) < C([—1, 1]) = %
Thus for x fixed in £
Pl (x) =nQ' (x)R,(x) + O(1).
Comparing this with the first of the differential relations in (6.40), we find
f2(x)

n

= Q' (x), (10.60)

w(x) lim
n—0oQ

for almost every x € E. Noting the form of f,(x) given by (6.34) and the facts that y; and
v, are bounded in n, P,(x) is seen to be bounded for x in E (in fact exponentially small in n,
since the transfinite diameter, C (E), is less than %) and —iro*(x) = Q/(x), we see that

lim AL () =

n—oo n

—k;, j=0,1,....,g—1. (10.61)
O

We conclude this paper with the following remark. It is well known that the problem
of orthogonal polynomials can be equivalently reformulated as a matrix Riemann—Hilbert
problem [10]. Such a formulation will enable one to deduce, for example, non-linear equations
satisfied by a,, b,, and those partial differential equations satisfied by them associated with
the change of the end points of the interval. Work is presently underway in this direction and
the results will be published in a separate paper.
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